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Iterative algorithms are frequently used to resolve simultaneous impacts
between rigid bodies in physical simulations. However, these algorithms lack
formal guarantees of termination, which is sometimes viewed as potentially
dangerous, so failsafes are used in practical codes to prevent infinite loops.
We show such steps are unnecessary. In particular, we study the broad
class of such algorithms that are conservative and satisfy a minimal set of
physical correctness properties, and which encompasses recent methods like
Generalized Reflections as well as pairwise schemes. We fully characterize
finite termination of these algorithms. The only possible failure cases can
be detected, and we describe a procedure for modifying the algorithms to
provably ensure termination. We also describe modifications necessary to
guarantee termination in the presence of numerical error due to the use
of floating-point arithmetic. Finally, we discuss the challenges dissipation
introduce for finite termination, and describe how dissipation models can
be incorporated while retaining the termination guarantee.
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1 INTRODUCTION

The numerical simulation of collisions between multiple objects in
simultaneous impact is challenging. While conservation of energy
and momentum completely determine the motion of a pair of col-
liding rigid balls, the same conservation laws are not sufficient to
determine the behavior when three or more balls collide [Glocker
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2004]. Additional assumptions are needed about the material prop-
erties of the objects and the way shocks propagate through them in
order to make the contact problem well-posed.

Simultaneous impacts can occur in the time-continuous setting,
but become even more prevalent when time is discretized, and one
attempts to resolve all interferences that occur within the span of a
time integration step. The problem is particularly well studied in the
case of colliding rigid bodies, and it arises naturally in the simulation
of granular media [Nguyen and Brogliato 2014]. This work focuses
on responding to these impacts at one frozen instant in time, at the
velocity level; responding to impact thus entails applying impulses
to the colliding objects so that they are no longer approaching. We
will not discuss the many alternative formulations based on position
corrections, soft (acceleration-level) responses, etc, in detail; see any
of several comprehensive surveys [Bender et al. 2014; Gilardi and
Sharf 2002; Khulief 2012] for an overview.

When multiple objects are touching, resolving collisions between
some of them often creates new collisions between others. For ex-
ample, in a perfect head-on pool break, the cue ball first collides
(only) with the ball at the tip of the pyramid, but a resolution of this
collision in isolation induces new collisions against the two balls
on the next level of the pyramid, and so forth. For this reason, the
usual approach for solving the multiple impact problem is to adopt
an iterative strategy [Han and Gilmore 1993]: a rule R is chosen for
how to modify the velocities of objects to fix some subset of the
collisions (we will call these rules impact operators). Applying the
impact operator fixes some collisions while perhaps causing others;
the operator is thus applied again, repeatedly, until all collisions are
resolved. Algorithm 1 illustrates the general structure of algorithms
that adopt this strategy; we call this structure Gauss-Seidel-like, by
analogy to the iterative splitting method of the same name used to
solve linear complementarity problems [Cottle et al. 1992; Erleben
2007]

A natural question that we must ask is will the iterative algo-
rithm terminate, producing a collision-free solution in finite
time? If not, what are the obstructions to termination? Clearly,
Algorithm 1 is not guaranteed to terminate if the impact opera-
tor R is completely arbitrary. However, the rule R is necessarily
restricted by physical considerations, and we can ask whether phys-
ical assumptions on R are sufficient to guarantee termination. In this
setting termination has been shown for simple geometries (such as
a straight line of balls of different masses, or impacts involving a
limited number of objects [Jia et al. 2013]) but the general question
remains open.
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Algorithm 1 Gauss-Seidel-like impact operator

1: function ResoLvEIMPACTS(configuration q, velocity §)
2 N < AcTIVECONSTRAINTGRADIENTS(q)
3 qo «— q

4 fori:= 0,00 do
5: if NTqi > 0 then
6 return q;
7 end if

8 qi+1 < R(q;)
9: end for

10: end function

The lack of full answers to these termination questions has led
to a perception that Gauss-Seidel-like methods are unprincipled or
dangerous, despite them working well in many cases [Uchida et al.
2015]. One common workaround is to abort the loop after a fixed
number of iterations, and proceed by either permitting collisions to
remain unresolved, or performing a gross approximation (called a
failsafe) that introduces artificial dissipation and sticking [Provot
1997]. With a better understanding of when methods for resolving
the multiple impact problem are guaranteed to converge, the need
for these non-physical failsafes decreases.

Overview and Contributions. We will first focus on the subspace of
Gauss-Seidel-like algorithms where R is frictionless, elastic (energy-
preserving) and satisfies a minimum set of physical correctness
properties (§2). Our analysis encompasses pairwise operators com-
mon in computational mechanics, as well as the recent General-
ized Reflection operator proposed by Smith et al. [2012]. We fully
characterize finite termination of Algorithm 1 for this broad
subspace of impact operators.

We prove that the only possible obstruction to termination for
such R is the presence of certain geometric degeneracies in the set of
contact constraints (implicit equality constraints, §4), and we show
that, surprisingly, absence of these implicit equality constraints
guarantees termination after a finite number of iterations. The key
ingredient of our proof will turn out to be conservation of energy, as
it rules out the possibility of R applying an infinite sequence of dis-
sipative impulses that never fully resolve the collisions (§6.1). More-
over, we describe an algorithm for detecting and directly removing
implicit equality constraints from the multiple impact solver. We ar-
rive at a modified algorithm that provably resolves collisions
in a finite number of iterations. This result places Gauss-Seidel-
like methods on sure theoretical footing, and gives practitioners the
option to pay a small additional computational cost to guarantee
progress and termination of their simulations, without sacrificing
physical correctness at the hands of ad-hoc failsafes (§4.1).

It is often desirable in practice to incorporate dissipation into im-
pact response. Unlike elastic impact, which can be reasoned about
from first physical principles, dissipation is always phenomenologi-
cal: when two objects collide, some of their kinetic energy is lost
due to vibration of the objects, sound generation, internal friction
and heating of the objects, etc; it is intractable to simulate these
small-scale phenomena explicitly, and so dissipation is incorporated
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instead using coarse-scale empirical laws like kinetic Coulomb fric-
tion or coefficients of restitution. There are several ways to modify
Algorithm 1 to include such dissipative laws, not all of which are
guaranteed to terminate. We discuss the challenges dissipation intro-
duces to termination, and propose a dissipation model that retains
the termination guarantee (§6).

Finally, finite termination is most useful in practice if the guar-
antees continue to hold in the presence of inexact arithmetic and
numerical noise. We revisit our analysis of finite termination and
prove that termination is guaranteed when Algorithm 1 is
computed using inexact arithmetic (§7).

2 RESOLVING MULTIPLE IMPACTS

We consider physical systems with d-dimensional configuration
spaces Q. As described above, we focus on resolving contact by iter-
atively applying an impact operator which resolves some collisions,
while potential causing others; all of this happens at one instant in
time, when the physical simulation has configuration q € Q. Let
qo denote the starting configurational velocity. Some number m of
inequality constraints g; : Q — R, with gradients n; = Vg;, encode
the fact that no objects in the system are interpenetrating.! We
will denote by N the set of constraints, and by N the matrix with
columns n;. Typically one differentiates between active constraints
gi(q) < 0 (corresponding to penetrations between objects) and inac-
tive constraints g;(q) > 0 (corresponding to objects far apart whose
interactions can be ignored); however since we are concerned only
with one instant in time we will ignore inactive constraints entirely
and assume all constraints are active. Instead we distinguish be-
tween constraints with q - n; > 0, where no response is needed
since objects are already separating, and constraints with q - n; <0,
where active intervention is needed to resolve the impact.

We will call a configurational tangent vector v feasible with respect
to constraint i if v - n; > 0 (and infeasible with respect to that
constraint or vector otherwise). We will also call a tangent vector
simply feasible if it is feasible with respect to all constraints.

Finally, let M;,4 be the system mass matrix, so that %ngqO
is the initial kinetic energy of the system. Since the magnitudes
of the contact constraints g; is arbitrary, we may take the con-
straint gradients to be normalized with respect to the energy metric,
niTM_lni = 1, which simplifies some calculations; we assume this
convention through the remainder of the text.

In the special case of a network of b balls? in the plane, O = R2?
and q is the concatenation of the x, y coordinates of the centers of
the b balls. For each pair of balls that are touching, a constraint g;
enforces positive signed distance between the balls. M is a 2b X 2b
diagonal matrix containing the masses of each ball.

Systems of b rigid bodies also fit into this formulation. Configu-
ration space now includes both translational and rotational degrees
of freedom for each body, but for any q € Q, we can parameterize

!We assume throughout the paper, for clarity of the exposition, that the constraint
gradients n; arise from holonomic constraints, as described in this paragraph. However
since the Gauss-Seidel-like algorithms discussed in this paper run during a single, frozen
instant in time, it is not essential that the n; arise from true inequality constraints. Our
analysis extends without difficulty to settings where the n; are chosen using any other
scheme (by a collision detection algorithm, for instance).

?Here and throughout the paper, we use “ball” to refer to a point particle of finite extent,
which has a position but no orientation or angular velocity.
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the space of configurational velocities at q, consisting of the linear
and angular velocity of each body, by R®?. The system mass matrix
Mepxsp 1s then block-diagonal, with each rigid body contributing a
diagonal mass matrix and a 3 X 3 inertia tensor to M.

If NTqo > 0 nothing needs to be done as all objects in contact
are already separating; typically this is not the case, though, and
qo is infeasible with respect to at least one constraint. Algorithm 1
iteratively applies an impact operator R to modify velocity, until the
velocity is feasible.

Let ij be a map Riv : TQ — TQ from configuration tangent
space to itself, depending both on the gradients of the active con-
straints AV and the current iteration i of Algorithm 1 (so that Ri\(
might act differently on the same velocity during different itera-
tions). For brevity of notation we will elide these implicit parameters
and write simply R.

Absent additional assumptions, this notion of R allows all manner
of non-physical behavior (for example, simply freezing all objects,
R(q) = 0, trivially yields a feasible velocity, but conserves neither en-
ergy nor momentum). We therefore insist that R satisfy a minimum
set of physical correctness criteria:

(NORM) Normal impulses. R acts only by applying impulses in
directions that lie in the span of the constraint normals n;:

R(Q) = q+ M INA,

where A € R™. (If a ball collides against a wall, contact impulses
can push the ball away from the wall, but cannot modify the ball’s
tangential velocity.)

(KIN) Energy conservation. Elastic impact conserves kinetic en-

ergy:
1. . 1 . .
54"Ma = JR@)TMR().
(ONE) One-sided impulses. Impulses may push bodies apart but
not pull them together. This condition requires A > 0 in (NORM).

In addition to imposing these physical restrictions on the behavior
of R, we will also require R to be well-behaved algorithmically:

(VIO) Only violated constraints exert impulses. If q is feasi-
ble with respect to constraint i, then A; = 0.

(MOD) Infeasible velocities are modified. An infeasible veloc-
ity is not a fixed point, i.e., if R(q) = q, then q is feasible.

Notice that (VIO) disallows a single application of R from ex-
erting an impulse between two objects that are at rest relative to
each other. However, (VIO) does not prevent iterated application
of R from separating initially stationary objects [Smith et al. 2012].
Such separation is required to reproduce Newton’s cradle, where a
stationary line of balls is hit on one end by a moving ball.

The first three desiderata, sometimes termed kinetic and energetic
consistency [Nguyen and Brogliato 2014], bear similarity to and can
be viewed as a sharpening of those proposed by Smith et al. [2012]
as essential to any physically-principled impact operator; for the
sake of generality we have omitted properties like symmetry- or
wave-effect-presevation, which are not germane to our study of
termination.

The above five requirements are all stated with respect to any
single application of R. Our final desideratum is concerned with
iterated application of R:

(FIN) Finite termination. Impact should be fully resolved after
a finite number of applications of R.

Our main result is that the first five properties are sufficient
to guarantee the sixth (§5), except for an implicit equality failure
case which can be fully characterized and detected (§4). We will
present a modification of Algorithm 1 that detects and removes
these implicit equality constraints, and prove that the entire family
of Gauss-Seidel-like impact resolution algorithms, once so modified,
satisfy:

(NORM) + (KIN) + (ONE) + (VIO) + (MOD) => (FIN).

Moreover each of the five properties is essential to termination, in
the sense that removing any one property allows the existence of
a Gauss-Seidel-like impact operator R that satisfies the others yet
never terminates (§5.3).

Relation to Common Operators. The first five properties (NORM)-
(MOD) are not very restrictive, and many existing Gauss-Seidel-like
algorithms for solving the multi-impact problem satisfy all five.

For instance, consider the most straightforward possible impact
operator: select any one constraint g; for which the current velocity
is infeasible, and correct that constraint by applying an impulse.
For this single impact, (NORM) and (KIN) uniquely determine the
impulse applied,

R(@) = q-2(q"n))M 'n; . (1)

This formula is the familar reflection of two elastic balls off of each
other. Repeatedly applying R in the case of a network of balls in
the plane can thus be interpreted as treating one pair of collisions
between balls as “happening first,” resolving that impact, and then
repeating the process, stopping when (or if) the configurational
velocity is feasible.

Many possible strategies exist for choosing g; at each iteration,
from simple lexicographic order [d’Alembert 1743; MacLaurin 1742]
(i.e., always select the constraint g; with the least j with respect to
which the current velocity is infeasible) to random order [Crassous
et al. 2007; Ivanov 1995] to more sophisticated selection [Chatterjee
and Ruina 1998; Ivanov 1995; Johnson 1976]. Regardless of the se-
lection process, all variants of this pairwise Gauss-Seidel approach
satisfy the five criteria above.

Gauss-Seidel-like operators can also take into accout more than
one violated constraint at a time, and such global approaches can
avoid the artificial symmetry-breaking present in pairwise methods,
or better handle the wave-like propagation of shocks through a net-
work of touching bodies. Two such operators are Smith et al. [2012]’s
Generalized Reflection (GR) operator and Zhang et al. [2015]’s Qua-
dratic Contact Energy approach, both of which satisfy the five
criteria. Related operators include the PLUS model of Uchida et
al. [2015]; although it is intended primarily for dissipative contact
without (KIN), its approach for selecting an impulse in the presence
of redundant constraints satisfy the criteria.

To our knowledge, no characterization of which of these operators
satisfy (FIN) currently exists. We begin with a simple case where
understanding termination is straightforward—a line of balls in 1ID—
as ideas from this case will guide our general analysis (§3). We then
look at one situation where GS-like operators are known to fail to
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terminate: impact in the presence of implicit equality constraints
(§4). We will then prove that this is the only possible failure case; in
the absence of implicit equality constraints, any method satisfying
the five criteria (NORM)—-(MOD), including GR and all flavors of
pairwise GS, also have (FIN) (§5).

3 TERMINATION IN 1D

The simplest first example for analyzing termination is Newton’s
cradle in one dimension: a line of balls of unit mass and unit radius,
with each interior ball touching its two neighbors. Suppose we now
assign an arbitrary initial velocity qo to the balls, and attempt to
solve the multiple impact problem using lexicographic Gauss-Seidel.
Will the algorithm terminate?

The key insight is that in one dimension, in the case of equal
masses, the pairwise reflection (1) amounts to swapping the veloci-
ties of the two colliding balls. Lexicographic GS is thus a bubble sort
of the ball velocities: qo is infeasible with respect to the constraint
coupling the first two balls if and only if the first ball has greater
velocity than the second, in which case the first iteration of GS
will swap the velocities of these two balls, etc. Since bubble sort
terminates after finitely many iterations, so must GS.

But we can say more: index the d balls from left to right, so that
the first coordinate of q € TQ = R is the velocity of the first ball,
etc. Then the energy q7 [12 --- d] measures the sortedness of §:
it is maximized when q is sorted, and increases whenever out-of-
order consecutive entries of q are swapped. This energy certifies
convergence and finite termination (since q can be permuted in
only finitely many different ways) of lexicographic GS, as well as
all other flavors of GS.

We will prove termination in higher dimensions using a similar
argument: we will show that there exist energies that measure
how close the configurational velocity is to being feasible, and that
increase each time R is applied. Unfortunately, complications arise
in higher dimensions that are not evident in 1D: balls colliding in
(2+)D at glancing angles do not swap velocities, so that GS can
no longer be interpreted as a sorting algorithm with a finite set of
possible states. In the next section we examine a situation where the
higher-dimensional multiple impact problem can fail to terminate,
then we will return in §5 to prove that this is the only failure case.

4 LINEALITY SUBSPACES

Consider the simple didactic two-dimensional example illustrated
in Fig. 2, left, of a single ball wedged against two parallel vertical
walls. If the velocity of the ball is also exactly vertical, then no
collision occurs and the ball proceeds unobstructed. If the ball’s
velocity has any component in the horizontal direction, however,
lexicographic Gauss-Seidel fails to terminate: resolving one ball-wall
constraint reflects the ball’s horizontal velocity while leaving its
vertical velocity untouched. Resolving the ensuing collision against
the second wall then simply returns the velocity to its starting value
— this cycle repeats with no progress towards convergence.

If we replace the single ball with two smaller horizontally-aligned
balls (Fig. 2, center), the same failure occurs if any of the velocities
have a component in the horizontal direction. Moreover, it is not
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necessary to start the simulation from such contrived, effectively in-
feasible initial conditions in order to encounter these “fatal velocity
cycles”; Fig. 2, right, shows how a collision can trigger an infinite
loop at any arbitrary point in an otherwise-uneventful simulation.

Returning to the single wedged ball example, notice that the root
cause of nontermination is the existence of two constraint gradi-
ents that point in opposing (configurational) directions. Reflecting
velocity along one direction and then the other, not surprisingly,
returns velocity to its original state.

Similarly, the two-ball example in Fig. 2, center, has a subset of
constraint gradients that are also opposing, although in a more
general sense that these gradients form a subset B of N’ whose
combined application as linear inequality constraints N]B{ q=0
is equivalent to applying them as equality constraints N]B{ q=0.
In particular, numbering constraints in Fig. 2, center, from left to
right and writing the configuration as q = (x1, y1, X2, yz)T, we have
n; « (1,0,0,0)T, ny « (-1,0,1,0)7, and n3 o« (0,0,—1,0)T. The
combined enforcement of nqu > 0 and nSTq > 0 then requires
that (—1,0,0,0)7q > 0, which is directly opposed to the constraint
anq > 0. This direct opposition then reduces (as in the simpler case)
to a system that implicitly enforces linear equality constraints, in
this case of the form anq =0and n3Tq =0.

Characterizing Implicit Equality Constraints. There are several
conditions we can check to discover whether or not N contains
any such implicit equality constraints. One equivalent condition
is that some positive combination of constraint gradients sums to
zero: suppose k constraints M C N have this property, so that
0= Z{.‘:O Aim; with A; > 0. Then for any feasible velocity v,

Aim; - v <0,

k
0<Aymg-v=-—

i=1

so that the only way the inequalities are satisfied is if v - m; = 0.
Conversely, if all feasible velocities v satisfy w - v = 0, some positive
linear combination of constraint gradients must sum to w and some
other combination to —w, and hence w + —w = 0 is a positive
combination of constraint gradients.

Therefore N contains implicit equality constraints if and only if
the kernel of N intersects the positive orthant; i.e. if there exists
ad > 0,with A # 0, and NA = 0. Notice that this condition is
stronger than simple linear dependence of the constraint gradients:
consider for instance the trio of constraint gradients n; = (1, T,
ny = (-1, l)T, and n3 = (0,1). These constraint gradients are
linearly dependent and redundant (the third constraints imposes no
additional restrictions on feasible velocities) but they do not oppose,
and so do not form an implicit equality constraint.

Finally, another equivalent condition to the presence of implicit
equality constraints, which will be useful in our proof of termination,
is that the set of all feasible velocities lies in a proper linear subspace
(of dimension < d) of R%. This condition is exactly the geometric
interpretation of an equality constraint on v.

Subspace determination. To help eliminate potential nontermina-
tion, we can detect these implicit equality constraints and ensure
that they are explicitly enforced at every iteration of impact response,



All’s Well That Ends Well: Guaranteed Resolution of Simultaneous Rigid Body Impact « 1:5

by projecting out from all constraint gradients their component in
the direction of the implicit equality constraints.

The problem of finding a maximal set of equality constraints im-
plied by a set of inequalities, or equivalently of finding the lineality
space — the maximal linear subspace of the normal cone formed by
a positive span of vectors — is a well-studied problem in numerical
optimization [Caire et al. 2008; Lopez 2011; Telgen 1983; ten Dam
1997; Wets and Witzgall 1967].

One solution involves solving a series of linear programming
problems. For instance, we can employ the Support and Shave algo-
rithm [Lopez 2011] that finds the lineality space with at most 2m
linear programming solves of size d. In the best and by far most
common case, when no implicit equalities exist, only a single linear
programming solve is required.

Algorithm 2 GS-1ike operator with anti-locking

1: function ResoLvEIMpACTS(configuration q, velocity §)
2 N « AcTIVECONSTRAINTGRADIENTS(q)

3 E « IMPLICITEQUALITYGRADIENTS(N)

4 qo — argming g - qoll%; st ETqp=0

5: fori:=1,mdo
6

7

8

9

X; < argmin, [|x — ni”}ZM st. ETx=0
if ||x;||p = 0 then
remove n; from N

else

10: n; < x;/l1xillm

11: end if

12: end for

13: fori:= 0,00 do

14: if NTq; > 0 then

15: return q;

16: end if

17: qi+1 < R(qi)

18: end for

19: end function

4.1 Handling implicit equality constraints

When a lineality subspace is detected in the constraint set, a minor
modification of Algorithm 1 can guarantee that each iteration of the
impact operator respects the induced equality constraints: Q should
be replaced by the subspace Q of the configuration space that re-
spects the linear equality constraints, and each inequality constraint
gi should be restricted to Q. This modification amounts to projecting
out from qo and all constraint gradients n; their components in the
direction of the implicit equality constraints. Algorithm 2 outlines
this modification. The function ImplicitEqualityGradients an-
alyzes N and extracts a basis for the implicit equality constraints
in N. Notice that if N is free of implicit equality constraints, the
algorithm reduces to the unmodifed Algorithm 1.

Termination with lineality. Without implicit equality constraint
detection and handling, (FIN) is not guaranteed. Systems contain-
ing degrees of freedom confined to tight spaces are more likely to
experience these termination difficulties. In Fig. 1 we simulate one

such example: a ball fired along a shaft collides with a plug of sta-
tionary balls. On impact, both Gauss-Seidel and GR without lineality
detection fail to terminate. Both succeed with lineality detection.

°
o ° ®
2 e, o° Iog0) e
o> & o 00 oco0 oo
® OOOO ® )
e 0 o e ®e®

Fig. 1. Ball Geyser: A ball fired along a shaft should dislodge the plug made of
stationary balls (left). Without Lineality detection, however, Gauss-Seidel and GR
algorithms are not able terminate for the initial impact resolution solve. GR with
Lineality detection resolves the multi-impact problem and generates a trajectory that
retains all physical, desiderata (right).

5 TERMINATION IN ND

We now turn to the problem of termination in arbitrary dimension.
We know that the presence of implicit equality constraints can pre-
clude termination. In the remainder of this section, we will show
that this is the only possible failure: that any impact operator satisfy-
ing (NORM)-(MOD), and free of implicit equality constraints, will
terminate in finitely many iterations given any set of constraints and
initial velocities in any dimension. We will do so in two steps: first
we will show convergence: that in the limit of applying an impact
operator infinitely many times, the velocity approaches some (pos-
sibly infeasible) limit velocity (§5.1). We will prove that the number
of iterations needed is in fact finite, and that the final velocity is
feasible (§5.2).

5.1 Convergence proof

First, let us characterize the geometry of the constraints in config-
uration tangent space. For any configurational velocity v and any
constraint g;, one of three things must be true:

o the velocity is strictly feasible with respect to that constraint:
vIn; > 0. The velocity doesn’t violate the constraint, and
won’t start violating the constraint even under infinitesimal
perturbations;

o the velocity is tangent to the constraint: v/ n; = 0;

-

” g 7

Fig. 2. Failure of pairwise impulse methods to terminate: Gauss-Seidel and GR
fail to terminate for a single ball (left) or two horizontally-aligned balls (center) wedged
between vertical walls, if the balls’ velocities have any component in the horizontal
direction. Even if the system’s initial conditions are feasible (right), an impact later in
the simulation can cause it to enter a nonterminating state.
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o the velocity violates (is infeasible with respect to) the con-
straint: v n; < 0.
We can partition configuration tangent space TQ into up to 3™ sets
that differ as to whether v is strictly feasible, tangent, or infeasible
with respect to each constraint. Two other important regions of
tangent space are the feasible set F containing all feasible tangent
vectors and the strictly feasible set Fr (containing all tangent vectors
v whose inner product (v, n;) is strictly positive for all constraints).
The strictly feasible set is the intersection of half-spaces passing
through the origin and so is a convex cone. Furthermore Fy is empty
if and only if N contains implicit equality constraints. If there are
implicit equality constraints, F is a subset of the linear space of
dimension less than d that satisfies the implicit equality constraint,
so has no interior Fj. Conversely, if Fj is empty, then since F is
convex it is contained in a hyperplane of dimension d — 1. The
fact that all feasible velocities lie in this hyperplane is an equality
constraint that the feasible velocities satisfy.
As in Algorithm 1, let §; be the velocity after i application of the
impact operator R on §o. We will now prove a higher-dimensional
analogue of the bubble-sort result from 1D:

LEMMA 5.1. Let w be any feasible velocity (w € F). Then for an
impact operator satisfying (NORM), (KIN), (ONE), and (VIO), and
any initial velocity qo, (W, q;)p; converges to a real number ky, as
i — oo,

Since energy is conserved, the velocity q; after every iteration
can be interpreted as a point on the ellipsoid {v € TQ | (v,V)p; =
(qo, qo) M }. Geometrically, the lemma then states that for any fea-
sible velocity w, the velocity q; after repeated applications of the
iteration map, interpreted as a point on the ellipsoid of constant
energy, approaches some hyperplane perpendicular to the vector w
(see Fig. 4), with distance to this hyperplane decreasing monotoni-
caly (see Fig. 3).

Unfortunately, this fact alone is not enough for convergence, since
the hyperplane will generally intersect the ellipsoid in an ellipsoid
of one lower dimension, and it is conceivable the velocity ¢; might
bounce infinitely around this intersection ellipsoid without ever
settling at a single point; we will address this detail later in the
section.

Note that when d = 1, we recover the picture of a Newton’s
cradle with n balls in a row. In that case, w is an increasing sequence
of numbers (for instance, (1,2,...,n)), and the amount that ky,
increases during each reflection is bounded away from zero, so that
q; cannot bounce around infinitely on a lower-dimensional ellipsoid.

ProoF. Suppose that q,, is feasible for some integer m. Then by
(VIO), R(qm) = qm and q; = qm for alli > m, so ky = (W, qm)Mm.
The other case is where q; is infeasible for all i. By (KIN),

W, @idp < Iwllpllqillae = Iwllagliqollae

and so is bounded above. It therefore suffices to show that (w, q;) s
increases monotonically at every iteration. And indeed, by (NORM)

(W, qis1)m = (W, q; + MTIN)p
= (w, Qi) + wINA

={w,qi)m + Z Aiwlny,
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and sincew € F,wln; > 0. By (ONE), A; > 0aswell,so )} Aiwln; >
0, completing the proof. O

The above lemma guarantees that q; approaches some hyperplane
in tangent space, but as remarked above this is not enough for
convergence (and note that the above did not assume the lack of
implicit equality constraints). The key idea is that we can now pick
a different w1 and repeat the above argument: the velocity must
now approach two different hyperplanes, and so must approach
their intersection. If there are no implicit equality constraints, the
strictly feasible region Fy is nonempty, and we can pick a cluster of
feasible vectors w; from Fy so that their corresponding hyperplanes
intersect at a single point. The velocity must then converge to that
point. The following proof formalizes this argument.

LEMMA 5.2. Suppose Fy is nonempty. Then it contains d linearly
independent vectors wy, ..., wg.

Proor. From the definition of F it is clear that it is an open
subset of tangent space. Since F is nonempty, it contains a ball with
center ¢ and radius r. The vectors ¢+ min(r/2, ||c||1)e; (where e; are
the Euclidean coordinate basis functions) are linearly independent,
and contained within this ball, and so within Fj. O

THEOREM 5.3. If N is free of implicit equality constraints and R
is an impact operator satisfying (NORM), (KIN), and (ONE), then

lim; 00 qi = Qoo exists.

Proor. By the above lemmas, we can find d linearly indepen-
dent vectors w; in Fy with (wj, q;)p converging to kyw;. There is
therefore a unique solution r to the linear system

(Wj,np =kw; j=1,...,d,
and we will show that q; converges to r. Let W be the matrix whose
rows are wj, so that
WMr =k
T
fork = (kW1 Jkwys o kwd) . Since W and M are nonsingular, so is
WM, and so WM has a singular value with least magnitude o > 0.

We know that (w}, q;)n converges to ky;, so for any € > 0 there
exist integers c; with

. o€
|<stqi>M - kwj| <7
for i > c;. Setting C = max; cj, for i > C we then have that

i —rll = llg: — (WM) K|
o HIWMg; - k|

IN

IN

d
_1 .
o™ wj, dida — e |
Jj=1
<e,

and so q; converges to T. ]
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Fig. 3. A ball hits a wedge in the plane made of two constraints with normals (0, 1) and (sin 0, — cos ) and the impact is resolved using lexicographic
Gauss-Seidel. The smaller 8 becomes, the closer the two constraints are to being an implicit equality constraint, and the more iterations are required for
termination. For a given value of 0, two feasible velocities are w; = [cos(i0/3), sin(i0/3)] for i € {1, 2}, and these can be used as certificates of convergence
in Lemma 5.1. With each application of the impact operator, their inner product ky; with the ball’s velocity is guaranteed to increase; once this inner product
is sufficiently close to 1.0, the ball is heading in the direction of the opening of the wedge and impact response terminates. The plots show ky, (blue) and ky,
(yellow) as functions of the number of iterations. In each case the algorithm terminates at the last iteration shown.

Fig. 4. An iteration map applied in two-dimensional tangent space with
two constraints. The initial velocity qo violates both constraints. The chosen
feasible velocity w can be interpreted as a vector from the origin; under
this interpretation, with each application of the iteration map the veloc-
ity q; approaches a hyperplane (line) perpendicular to w. If the velocity
ever enters the feasible region, the impact operator terminates (left) but
termination, and even convergence, is not guaranteed from looking at w
alone: the velocity could plausibly oscillate near the hyperplane without
ever converging to a single point (right).

Fig. 5. Left: If the limit velocity Qe is strictly feasible, then convergence is
guaranteed since the velocity q; must enter into a ball around qw in finite
interations. Right: the tricky case is where q« is feasible but tangent to
some of the constraints. Could the velocity remain infeasible for infinitely
many iterations? We show this is not possible, given (KIN).

Qoo
9o

Fig. 6. Two constraints visualized as a trough in three dimensions. If the
initial velocity violates both constraints, it is impossible for repeated ap-
plications of the impact operator to converge to a final velocity tangent
to both constraints () by applying impulses only along the n; and ny
directions without dissipating energy.

5.2 Termination proof

We will now show a stronger result: not only does the impact op-
erator converge, it does so in only finitely many iterations, and
always to a feasible velocity. The main idea is to look at the limit
velocity qeo, which by the previous theorem must exist. If this ve-
locity is strictly feasible, q; must enter the feasible region in finitely
many iterations since Fy is open. The problematic cases are when
{oo violates some constraints, or is tangent to constraints: could
the velocity hover for infinitely many iterations right outside the
feasible region (see figure 5)? We now show that (KIN) disallows
this latter possibility: the impact operator cannot take a velocity
that violates a constraint to one that is tangent to that constraint
(see figure 5, right, and figure 6). Feasibility of the final velocity will
then follows from (MOD).

THEOREM 5.4. If N is free of implicit equality constraints and R
satisfies the five conditions (NORM)—-(MOD), then q; is feasible after
a finite number of applications of the impact operator, i.e., (FIN) is
satisfied.

Proor. We know that qc exists, but is possibly infeasible. We can
thus partition the constraints into two sets: a “violated or tangent
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set” T, and an “ultimately strictly feasible” set U = N\ T,
T={neN|gln<o)
U={neN|qLn>o0}.

We can then define the set Fyy of velocities that are strictly feasible
with respect to all constraints in U:

FU={v€Rd|an>0,n€U}.

Notice that if U contains all of the constraints, then Fyy = Fy, and if
U is empty, Fy contains the entire tangent space TQ. Moreover by
construction of U, e € Fy. Fy is also clearly open, so there exists
some € > 0 with w € Fy for all w with ||[W — qwl| < €. In particular,
since q; converges to e, q; is in Fy for all i > k for some integer
k.

Now consider the affine subspace

A={q+M'TA| 1 eRITI}
By (VIO), q; € Afor alli > k, and so is 4w since A is closed.
Therefore
Qoo = G + M7ITA
for some A, and by (KIN),
||(Ioo||,2\[ = ||¢1k||,2\[
= llgeo — M™'TAI,
= llgeollf; = 2(Goo, M TA)pr + IMTITAILR,.
It follows that
0= =2(qoo, M TA)pr + IMTTA3,
IT|
= > —2Ajakn; + IM'TAI,,
j=1
and since —qun ;> 0and A; > 0 (thanks to (ONE)), both terms are
nonnegative and so must each be zero. Therefore M~!TA = 0 and

4k = qco. Finally, since then R(qx) = i, qx must be feasible by
(MOD). m]

5.3 Necessity of the Desiderata

It is instructive to trace where the above chain of reasoning breaks
down in the presence of implicit equality constraints: Lemma 5.1
still holds, but it is no longer possible to find d different hyperplanes
in general position; instead, the implicit equality constraints force
all hyperplanes to intersect in a common line, plane, or other higher-
dimensional linear space, depending on the degree of degeneracy of
the constraint gradients, and the velocity might wander around this
linear space instead of converging to a point. Note also that each of
the five properties (NORM)-(MOD) is essential to termination, in
the sense that removing any one of the desiderata while keeping
the others allows for the existence of a impact operator R for which

Algorithm 1 does not terminate. For each of the properties, we now

show that it is essential, and highlight the portions of the proof that

rely on it.

e Without (NORM), two other desiderata ((ONE) and (VIO)) are ill-
posed, and both of these are required for guaranteed termination
(see below); this dependence also means (NORM) is essential for
both convergence and termination proofs.

ACM Transactions on Graphics, Vol. 36, No. 4, Article 1. Publication date: July 2017.

e If (ONE) is removed and sticking is allowed, the velocity of the
system can alternate between two infeasible values even without
the presence of implicit equality constraints. Consider the case of
a ball flying into a corner, shown in Fig. 7 with normals n; = (0, 1)
and nz = (—1,0). If the ball hits the corner with initial velocity
(2,-1), taking A1 = ¥1 and A3 = +1 each time R is applied will
cause the velocity to alternate between (2, —1) and (1, —2), both
of which have the same kinetic energy and both of which violate
the constraints.

The convergence proof must fail for this example, and in-
deed without (ONE) our Lemma 5.1 no longer holds, since an
application of R might decrease an energy ky.

_),2
11
n,=(0,1)
T
5 5
n,=(-1,0)

Fig. 7. (ONE) is necessary. A colliding ball flying into a corner without (ONE) can
cycle between infeasible velocities as demonstrated with the purple colliding velocities
here.

e To see (VIO) is essential, consider a three-ball Newton’s cra-
dle, with initial ball velocities 0, 1, 0 from left to right. Only the
constraint between the right two balls is violated, but if the left
constraint is also allowed to apply a (pushing) impulse, it is pos-
sible to infinitesimally perturb the velocities of the three balls
(so that the left velocity is now slightly negative, and the right
ball’s, slighly positive) while keeping the configurational velocity
infeasible. This process can be repeated, with the size of the per-
turbation shrinking during every iteration, so that Algorithm 1
converges, in the limit of infinitely many iterations, to a set of
velocities where the middle ball is still moving faster than its
rightmost neighbor.

In terms of our proof, (VIO) is needed in Theorem 5.4 to rule
out convergence to an infeasible velocity; without (VIO) there is
no guarantee that after sufficiently many iterations of applying
R, all intermediate velocities lie in the affine subspace A.

e Obviously, if R violates (MOD) and never modifies some infeasi-
ble initial velocity, (FIN) is impossible. In Theorem 5.4 (MOD) was
required at the very end to argue that any limit velocity must be
feasible.

o Finally (KIN) is an especially interesting case. It is known that if
R is allowed to dissipate energy during every application, failure
cases exist where Algorithm 1 does not terminate. This phenome-
non is known as inelastic collapse, and in these cases the velocity
does converge, but only in the limit of infinitely many applica-
tions of R.
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In the proofs, (KIN) is required for convergence, but the proof
still holds even if (KIN) is replaced by a weaker energy non-
increase condition. On the other hand, (KIN) is an essential ingre-
dient in proving (FIN), since it allowed us to argue that once the
set of violated constraints stops changing, the velocity cannot
change.

We summarize inelastic collapse in the next section, and dis-
cuss in more depth how our analysis of termination extends to
the inelastic setting.

6 DISSIPATION

We have so far explored termination of Gauss-Seidel-like impact
operators in the conservative setting, but for modeling practical
physical systems, dissipation is often critical. Many modifications
to the Gauss-Seidel-like framework of Algorithm 1 are possible for
incorporating dissipation, but it is important to note that there is no
single physically-correct approach to doing so. Dissipation models
are merely phenomenological heuristics that try to capture, at a
coarse scale, a wide variety of small-scale effects, such as internal
heating of the colliding objects, transient formation and breaking
of chemical bonds, etc. (many of them poorly-understood) that in
aggregate yield dissipative impact [Brogliato 1999].

One popular model of dissipation during impact is the coefficient

of restitution

_ relative velocity after

" relative velocity before’
with ¢, = 1 corresponding to the perfectly elastic case, and ¢, = 0
to perfectly inelastic impact (such as when a bean-bag is dropped
on the ground). A possible strategy for modeling c, in the iterative
setting is to require each application of R to dissipate energy (so
that (KIN) no longer holds). This approach is tempting given its
simplicity, but suffers from several drawbacks: first, the amount of
energy dissipated during each impact event depends on the number
of iterations taken in Algorithm 1, so that the effective c, of the
overall algorithm will depend not only on the geometry of the
impact, but also the specific choice of impact operator R. More
significantly, this modified algorithm is not guaranteed to terminate,
due to the inelastic collapse phenomenon.

6.1 Inelastic collapse

Pairwise iterative methods are well- known to suffer from poor
convergence whenever ¢, < 1; in some cases, they do not converge
in a finite number of iterations at all [Baraff 1989; McNamara and
Young 1994]. A simple example is resolving a five-ball Newton’s
Cradle using lexicographic GS with ¢, = 0: each iteration halves
the relative velocity of one pair of balls, inducing a Zeno’s Paradox
(“Achilles and the tortoise”) where the velocity remains infeasible
for any finite number of iterations of GS. This is illustrated in Fig. 8.

Inelastic collapse can occur even for positive ¢, < 1. Indeed, the
range of ¢, for which inelastic collapse can occur increases as the
size of the impact problem grows, and quickly approaches unity as
the number of colliding bodies becomes sufficiently large [Bernu
and Mazighi 1990; McNamara and Young 1994]. Thus inelastic col-
lapse is effectively unavoidable for any large-scale colliding systems
whenever ¢, < 1. As a practical matter, numerical round-off error

1.0 Initial configuration
[ 1

0.8
> 06
‘©
o
(]
> 04

\\

Iterations

Fig. 8. Inelastic collapse: The velocity of each of 5 balls in a 1D Newton’s cradle
after successive iterations of Gauss-Seidel with ¢, = 0. Initially all the balls except the
leftmost are at rest, while the leftmost ball is given an initial velocity of 1. To reach
a feasible solution, the order of the curves would have to be reversed such that the
righmost ball would end up with the highest velocity.

somewhat ameliorates this issue and the iterative process generally
terminates [Chatterjee and Ruina 1998], though relying on round-
off is not very satisfying, and convergence behavior consistently
worsens in proportion to the decrease in c;.

6.2 Energetic Restitution Revisited

Alternative methods are possible for incorporating ¢, into Algo-
rithm 1 without building c, into R itself, thereby avoiding inelastic
collapse. For example, when ¢, = 0 it is common to replace the
entire algorithm by a one-step formulation based on solving a linear
complementary problem (LCP) [Anitescu and Potra 1997; Moreau
1985; Stewart 2000]. Dissipative restitution models with 0 < ¢, <1
remains an open and active area of research [Chatterjee and Ruina
1998; Glocker 2004; Liu et al. 2008; Stewart 2011; Stoianovici and
Hurmuzlu 1996]; naive attempts to incorporate ¢, > 0 into LCP
formulations suffer from sticking artifacts and failure to converge
to a feasible solution [Smith et al. 2012].

Smith et al. [2012] propose another simple restitution model that
avoids inelastic collapse across all ¢, values. Here we quickly review
the model and show that it inherits (FIN) from the elastic case.
First, observe that purely inelastic (c, = 0) multi-impact is well-
posed and solvable using the standard inelastic LCP formulation
mentioned above, yielding an inelastic, feasible post-impact velocity
qo. Similarly, elastic multi-impact is unaffected by collapse: applying
Algorithm 1 using any impact operator satisfying (NORM)-(MOD),
we obtain i in finite iterations. Then ¢, can be viewed as the
interpolant between the two to obtain

q=(1-cr)qo +crq.

Notice that this definition of ¢, now allows any amount of dissi-
pation between the maximum (physically) allowable dissipation at
¢, = 0 and total conservation of energy at ¢, = 1 while retaining
all properties, including (FIN), for all ¢, € [0, 1].

6.3 Friction

While friction plays an obvious key role in persistent contact, it can
also be critical in transient collisions [Brogliato 1999]. A standard
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way of incorporating friction into iterative contact response algo-
rithms like Algorithm 1 is to add frictional impulses f; at contacts
k, where these impulses are chosen to satisfy a maximal dissipation
principle [Drumwright and Shell 2011; Goyal et al. 1991] that maxi-
mally resists tangential sliding up to a bound given by Coulomb-type
constraints, e.g. || fx |l < pAg. In cases of complex contact geometry
these frictional impulses might themselves cause additional colli-
sions with their own frictional impulses, etc, so that in principle
the frictional impulses must be solved for simultaneously with the
contact impulses [Kaufman et al. 2005; Uchida et al. 2015]. However
in practice it is often sufficient to assume that frictional impulses
depend on the contact impulses, and not vice-versa. This approx-
imation is implemented by solving for and applying friction after
computing the frictionless post-impact response. Smith et al. [2012]
presented one such friction model whose solution is guaranteed to
terminate. Composing this operation with Algorithm 1 (using any
impact operator satisfying (NORM)—-(MOD)) thus allows simulating
friction while retaining (FIN).

7 INEXACT ARITHMETIC

All of the above analysis has assumed that arithmetic is exact; but
in a practical implementation of Algorithm 1 the question remains
whether floating-point errors could lead to nontermination? To be-
gin to study this question, we need to revisit the impact operator
desiderata, and rebuild them from the ground up with inexact arith-
metic in mind. We will then show that the pairwise Gauss-Seidel
methods and Generalized Reflections, with minor modifications, all
satisfy all of these desiderata.

The key idea is that inexact arithmetic requires some amount of
tolerance when evaluating constraint violation. For example, sup-
pose a tangent vector v satisfies n- v = —p for a tiny g (on the order
of the machine epsilon). Although v is technically infeasible with
respect to n, it could well be that no impulse satisfying (NORM) and
(KIN) can possibly modify v, stymying termination. We can avoid
this situation by declaring a velocity as tangent to a constraint if
their inner product is approximately zero; more specifically, we relax
the definition of feasibility® of v with respect to n to the condition

(v,n) = —€|lvlp

for a chosen unitless tolerance parameter € < 1.

We now revisit the desiderata, beginning with (NORM): in the
inexact setting, the impulse applied by R will still lie in the span of
the constraint gradients, but now we allow some error in both the
magnitude and direction of this impulse. For the tolerance threshold
€ < 1, we approximate (NORM) by:

(eNORM) Normal impulses.
R(Q) =q+M 'Ni+c,

with [lellar < €llAll and [lellar < 114l

3This relaxation might raise concerns about constraint drift. In the exact case, advancing
the configuration along a finite-size step in the direction of the post-response velocity
g does not necessarily stay within the feasible region of configuration space; this is
because 4o was computed using only first-order information about the constraints,
and the constraint manifold can curve into 4e. In the inexact setting, the drift can be
linear, instead of second-order, thanks to the tolerance; however this first-order drift
is on the order of €, and so for € not too large relative to the time step size, does not
introduce significant additional error.
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which allows some error ¢ in each application of the impact opera-
tor. The first inequality ensures that the amount of noise added to
the velocity at each iteration does not overshadow the impulse
being applied (otherwise it is not possible to make meaningful
progress). Since the allowed error in the constraint satisfaction
is scale-invariant, the allowed error in (NORM) must also be scale-
invariant, hence the need for c to be small with respect to q.
Kinetic energy must also be conserved, up to this error:

(eKIN) Energy conservation. Elastic impact conserves kinetic
energy approximately: for the A corresponding to R(q) in
(eNORM),

1 . 1 . _
Sl = Sllg+M INAllps

(Contrast to exact kinetic energy conservation, which would require

a c on the right-hand side.) We round out the list of requirements

with

(eDRIFT) No unbounded energy drift. In addition to approxi-
mate energy conservation, the approximate impact operator
R does not cause energy to drift arbitrarily far over multi-
ple iterations. For all q there exists a C € R so that for all
keZ>o,

1 . 1 .
Sl - 5||R"(q)||,2w <cC.

(eVIO) Only significantly violated constraints exertany impulses.
Ifn’q > —€llqllas, then 4; = 0.

(eMOD) Infeasible velocities are always modifed. R(q) = qonly
if niTq > —€l|qllps for all constraints i.

(eFIN) Finite termination. After a finite number of applications
of R, niTq > —€||qllps for all constraints i.

Algorithm 3 Inexact GS-like impact operator

1: function RESOLVEIMPACTSAPPROX(Q, g, €)
2 N « AcTIvVECONSTRAINTGRADIENTS(q)
3 qo «— q
4 fori:= 0,00 do
5: if NTq; +€llqillarl = 0 then
6: return q;
7 end if

- tentative .
8 4G« R@)

. llqollar - tentative
9: qi+1 < - tentative i+1

i+1 M

10: end for

11: end function

With some care, pairwise Gauss-Seidel can be modified so that it
satisfies these six properties when its computations are performed
with floating-point arithmetic; it can be shown (see supplemental
material) that Algortihm 3 obeys (eNORM)-(eMOD), and General-
ized Reflections [Smith et al. 2012] can be so modified as well. Notice
that the key difference in Algorithm 3, other than the addition of a
tolerance when checking for convergence (or choosing a violated
constraint, within R) is the renormalization of q at every iteration,
in order to ensure (¢€DRIFT).
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In the remainder of this section we will show the following gen-
eralized termination result: in the absence of implicit equality con-
straints and for every € > 0

(eNORM) + (ONE) + (¢KIN) +(eDRIFT) +(eVIO) +(eMOD) =

(¢FIN).

We now reproduce the lemmas and theorems of §5 and §5.2 in

the inexact case, starting with convergence.

LEMMA 7.1. Let w be any velocity with win; > ellwllyr for every
constraint gradient n;. For an impact operator satisfying (e NORM),
(eKIN), and (ONE), and any initial velocity qo, (W, q;)p1 converges
to a real number ky, asi — oo.

Proor. By (¢DRIFT),

Nqillar < /lqoll3, +2C,
w, qi)m < IIwliacll@illar < IIwliaryllgoll3, +2C

and so is bounded above. It therefore suffices to show that (w, q;)r
increases monotonically at every iteration. And indeed, by (eNORM),

SO

(W, div1)p = (W, q;i + MT'NA+ ¢)p
= (W, qi)pm + W NA+ (W, S)pr

=(wW,qi)m + Z Aiwlng +(w,c)ar

T

and since w' n; > €||w|[p,

Z Ainni + (W, c)pr

\

T
D w ng = Iwllalicliar
ellwllallAlh = ellwlialiAlh
=0,

\%

where the inequality in the first line is by Cauchy-Schwarz, com-
pleting the proof. O

Lemma 7.1 suggests that the notion of implicit equality constraint
must be modified in the inexact setting, and indeed, a set of con-
straints that nearly form an implicit equality constraint must now
be treated as an equality constraint. Define the approximate lineal-
ity subspace L¢ of N to be the largest linear subspace of TQ with
nl.Tv < €llv|lp for all n; € N and v € L¢; the set of approximate
implicit equality constraints in N is then any basis E of L.

THEOREM 7.2. If N is free of approximate implicit equality con-
straints and R is an impact operator satisfying (¢NORM), (eKIN),
and (ONE), then a limit configurational velocity lim; o q; = R¥(qo)
exists (but may be infeasible).

Proor. The proof from the exact arithmetic case applies essen-
tially unmodified. ]

THEOREM 7.3. If N is free of approximate implicit equality con-
straints and R satisfies the six conditions (e NORM)—(e MOD), then
qiTnj > —€||q;llpr for all constraint gradients n; after a finite number
of applications of the impact operator (¢ FIN).

Proor. We follow the same general line of argument as in the ex-
act case, except here the error allowed in the conservation of energy
is accounted for by allowing slight violation of the constraints in
the final configurational velocity. As in the exact case, we partition

»

the constraints into two sets: a “violated or approximately tangent
set T, and an “ultimately almost-feasible” set U = N'\ T,

T={neN|qLn < —€llqeollr}
U={mneN|qkn> —ellqwll)-

We can then define the set A of velocities that are almost-feasible
with respect to all constraints in U, are are close to violating all of
the constraints in T:

T
vin; > —€||lvl|lp,n; € U
A:{VER": i ” ”M i }

vin; < —£|vlpn; €T

A is clearly open, and by construction contains the limit velocity
£

(oo as an element (since —5 > —¢). Since q; converges to qeo, q; is
in A for all i > k for some integer k and
Qa1 = Qe + M 'TA+c
for some A, which we can rewrite in two ways:
Qrs1 — €= @ + M7'TA
Q1 — M 'TA-c = g
By (eKIN), the right-hand sides have equal norms, and so
191 = ellfy = e = M~ TA = clif,
= k1 — cllyy — 2@rsr — & M TA)N
+ 1ML,
Since i1 € A,
~2Qk+1. M7 TN 2 €lldgerrlIarliA
and the above bound can be written as
0> €llqesrllaliAlly + 2, M T + IMTITAIG,. (@)
By the triangle inequality and (eKIN),
Idgstllar = llge + M7 TAllar = licllar
= llqxllar — llellas,
and now since [lcllpr < §11qllar, when € < 1 we have that |[c[lpr <
3114k llar and

lldr+1llarliAlle = e(llqellar = llellan Al

v

€,
2 19k llarllAlly

\%

ellAllllclia-
Finally since ||c|[pr < €llAll1,
elldgrsliarliAll = llellf,. 3)
Combining (2) and (3) yields
0> [M'TA+cl},.

This inequality is satisfied only when IM~ITA + c|lps = 0. But then
qk+1 = qx and so qznj > —€l|qx || for all constraint gradients n;
by (eMOD). O

Notice that as in the proof for exact arithmetic, conservation of
energy plays a crucial role here.
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8 DISCUSSION

We have shown that Gauss-Seidel-like algorithms for resolving mul-
tiple elastic impacts are guaranteed to terminate, without the need
for failsafes, provided that they satisfy a minimum set of physi-
cal and algorithmic properties (NORM)-(MOD). In particular, the
many different flavors of pairwise Gauss-Seidel, as well as Smith
et al’s Generalized Reflections [2012], all terminate. The only ex-
ceptions occur due to geometric degeneracies in the constraints—
implicit equality constraints—which can be detected and removed to
preserve termination. These algorithms can be modified to include
dissipation, without giving up termination, and we have shown
that termination continues to hold even when the algorithms are
computed using floating-point arithmetic. Several avenues remain
for further investigation:

Iterations Needed for Termination. Although we have proven that
Algorithm 1 terminates for well-posed impact operators, in practice
it would be useful to be able to predict how many iterations will
be required to resolve the impact event. This would open the door
to appoximate high-performance impact response schemes, which
could choose to ignore collisions, or artifically rigidify parts of a
physical system to prevent collisions, in cases where a fully-correct
response is estimated to be very expensive.

Our experiments with a wedge in figure 3 suggest that the diffi-
culty should depend on the“diameter” of the feasible cone in con-
figuration tangent space, and some analytic results exist for simple
contact geometries [de Felicio and Redondo 1981; Jia et al. 2013;
Nguyen and Brogliato 2014]. Unfortunately, it is not immediately
obvious from the current proofs how to estimate in general the
number of iterations required to terminate: our convergence proof
(Theorem 5.3) is constructive, but the termination proof is not. The
proof of Theorem 5.4 suggests that the number of iterations required
should depend on how far away the final, post-impact velocity is
from the constraint boundary; estimating this distance, without ex-
plicitly computing the limit velocity, is a chicken-and-egg problem.

Coupled Friction. While Smith et al. [2012] show that one-way
coupled frictional response predictively captures a wide range of
impact behaviors, it is desirable and important to allow frictional
response to be two-way coupled with iterated impact operators so
that the interactions between normal and tangential responses can
be balanced. Friction impulses are applied in tangential directions
and so directly violate our assumption of (NORM). Can we maintain
a guarantee of (FIN) with dissipative tangential impulses? Can we
appropriately generalize (NORM)? Moreover, we do not know if
directly incorporating a coupled frictional response into an impact
operator guarantees that a fixed-point solution exists, much less
whether iterating with such an operator will converge. Constructing
a meaningful, iterated physical impact model with proof of termi-
nation, that includes fully coupled, dissipative, tangential response
remains a challenging and important open problem.

Alternative Desiderata. In addition to reformulating (NORM) to
allow friction, other modifications to the desiderata might be pos-
sible while still maintaining a termination guarantee, and might
permit use of more sophisticated methods for modeling coefficients
of restitution other than 1.0, and other dissipative phenomena. For
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instance, Mosterman [2001] analyzed dissipative impact of multiple
bodies and proposed a two-phase scheme for resolving them; the
method as described does not obey (KIN) and (VIO) and so our
proof does not currently apply to it. We showed that removing any
one desideratum allows for impact operators that do not terminate,
but that argument does not rule out termination if the removed
conditions are replaced with new ones.

Need for Anti-Locking. In §4 we established that implicit equal-
ity constraints can prevent the termination of Algorithm 1. We
therefore described an algorithm for detecting and removing such
implicit equality constraints from N. Critically, we proved that im-
plicit equality constraints are the only obstruction to termination of
Algorithm 1. We now interpret this proof from two different perspec-
tives, corresponding to two mutually exclusive conjectures—that
implicit equality constraints do, or do not, arise in practice.

In the absence of a proof to the contrary, the safest conjecture
is that implicit equality constraints arise in practice. In this case,
Algorithm 1 may fail to terminate (§4), whereas the improved Al-
gorithm 2 guarantees termination. Certainly it is possible to create
examples that contain implicit equality constraints (see Fig. 1, for
instance), supporting this viewpoint.

On the other hand, all such examples we have found so far are
special in the following sense: an infinitesimal perturbation of the
geometry of the system removes the possibility of encountering
implicit equality constraints completely (for the geyser, notice that
slightly shrinking the radius of all of the balls accomplishes this).
Does there exist a “generic” physical system that will encounter
implicit inequality constraints, even if perturbed? More simply, we
can look at a box filled with multiple slightly-deformed instances of a
single type of rigid body O: is it possible to choose an O complicated
enough that the bodies will self-jam, forming clusters that lose
degrees of freedom due to implicit equality constraints, just by
shaking the box?

This question is closely related to that of computing the contact
number of a rigid body: in a random packing of multiple instances
of O, how many other rigid bodies, on average, does each rigid
body touch? A naive counting of degrees of freedom and constraints
suggests that the higher the contact number, the more likely implicit
equality constraints are to occur (with 12 being the threshold where
constraints begin to outnumber DOFs). The contact number has
been studied for simple geometries, such as spheres, rods [Wouterse
et al. 2009], ellipsoids [Donev et al. 2004], etc, but tends to be small.
It is possible to construct an O so that arbitrarily many copies of O
can be placed in contact with each other [Erickson and Kim 2003],
but like the geyser, this geometry is special: the construction fails if
the copies are perturbed. A full investigation into the possibility of
self-jamming is an interesting topic for future research.

Given these observations, we conjecture instead that implicit
equality constraints do not arise in practice. In that case, we have
proved that Algorithms 1 and 2 are equivalent and both terminate.
Our proof of convergence (§5.1) informs us that any artifacts intro-
duced by non-physical failsafes can be mitigated simply by carrying
out additional Gauss-Seidel iterations before applying the failsafes.
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Our proof of termination (§5.2) further empowers us to discard fail-
safes altogether, trading additional computational cost for simplicity,
elegance, guaranteed progress, and physical correctness.

REFERENCES

Mihai Anitescu and Florian R. Potra. 1997. Formulating Dynamic Multi-Rigid-Body
Contact Problems with Friction as Solvable Linear Complementarity Problems.
Nonlinear Dynamics 14, 3 (1997), 231-247. https://doi.org/10.1023/A:1008292328909

David Baraff. 1989. Analytical Methods for Dynamic Simulation of Non-penetrating
Rigid Bodies. In Proceedings of the 16th Annual Conference on Computer Graphics
and Interactive Techniques (SSIGGRAPH ’89). ACM, New York, NY, USA, 223-232.
https://doi.org/10.1145/74333.74356

Jan Bender, Kenny Erleben, and Jeff Trinkle. 2014. Interactive Simulation of Rigid Body
Dynamics in Computer Graphics. Computer Graphics Forum 33 (2014), 246-270.
Issue 1.

B. Bernu and R. Mazighi. 1990. One-Dimensional Bounce of Inelastically Colliding
Marbles on a Wall. Journal of Physics A: Mathematical and General 23, 24 (1990),
5745-5754. https://doi.org/10.1088/0305-4470/23/24/016

Bernard Brogliato. 1999. Nonsmooth Mechanics: models, dynamics, and control (2nd ed.).
Springer-Verlag.

Mario E. Caire, Francisco J. Lopez, and David H. Williams. 2008. Distributed identifi-
cation of the lineality space of a cone. The Journal of Supercomputing 48, 2 (2008),
163-182. https://doi.org/10.1007/s11227-008-0222-0

A. Chatterjee and A. L. Ruina. 1998. A New Algebraic Rigid-Body Collision Law Based
on Impulse Space Considerations. Journal of Applied Mechanics 65, 4 (1998), 939-951.
https://doi.org/10.1115/1.2791938

Richard W. Cottle, Jong Shi Pang, and Richard E. Stone. 1992. The Linear Complemen-
tarity Problem. Academic Press, New York.

J. Crassous, D. Beladjine, and A.Valance. 2007. Impact of a Projectile on a Granular
Medium Described by a Collision Model. Physical Review Letters 99 (2007), 248001.

J. d’Alembert. 1743. Traité de Dynamique. Paris.

J. R. de Felicio and D. M. Redondo. 1981. Linear collisions revisited. Am. J. Phys 49, 147
(1981).

A. Donev, I Cisse, D. Sachs, E.A. Variano, F.H. Stillinger, R. Connelly, S. Torquato, and
P.M. Chaikin. 2004. Improving the density of jammed disordered packings using
ellipsoids. Science 303 (2004), 990-993.

E. Drumwright and D. Shell. 2011. Modeling contact friction and joint friction in dynamic
robotic simulation using the principle of maximum dissipation. Springer Berlin
Heidelberg, 249-266.

Jeff Erickson and Scott Kim. 2003. Arbitrarily Large Neighborly Families of Congruent
Symmetric Convex 3-Polytopes. CRC Press.

Kenny Erleben. 2007. Velocity-based Shock Propagation for Multibody Dynamics
Animation. ACM Trans. Graph. 26, 2, Article 12 (June 2007), 12:1-12:20 pages.
https://doi.org/10.1145/1243980.1243986

G. Gilardi and L. Sharf. 2002. Literature survey of contact dynamics modelling. Mecha-
nism and Machine Theory 37 (2002), 1213-1239. Issue 10.

Christof Glocker. 2004. Concepts for Modeling Impacts without Friction. Acta Mechanica
168 (2004), 1-19.

Suresh Goyal, Andy Ruina, and Jim Papadopoulos. 1991. Planar sliding with dry friction,
Part 1. Limit surface and moment function. Wear 143 (1991), 307-330.

I. Han and B. J. Gilmore. 1993. Multi-Body Impact Motion with Friction—Analysis,
Simulation, and Experimental Validation. J. Mech. Des 115, 3 (1993), 412-422.

A.P. Ivanov. 1995. On multiple impact. Journal of Applied Mathematics and Mechanics
59, 6 (1995), 887-902. https://doi.org/10.1016/0021-8928(95)00122-0

Y.-B. Jia, M. Mason, and M. Erdmann. 2013. Multiple Impacts: A State Transition
Diagram Approach. International Journal of Robotics Research 32, 1 (2013), 84-114.

W. Johnson. 1976. Simple Linear Impact. International Journal of Mechanical Engineering
Education 4, 2 (1976), 167-181.

Danny M. Kaufman, Timothy Edmunds, and Dinesh K. Pai. 2005. Fast frictional dy-
namics for rigid bodies. ACM TOG (SIGGRAPH 05) 24, 3 (2005), 946—956.

Y. A Khulief. 2012. Modeling of Impact in Multibody Systems: An Overview. J. Comput.
Nonlinear Dynam. 8, 2 (2012), 021012.

Caishan Liu, Zhen Zhao, and Bernard Brogliato. 2008. Frictionless Multiple Impacts in
Multibody Systems. I. Theoretical Framework. Proceedings of the Royal Society A
464 (2008), 3193-3211.

Francisco Lopez. 2011. An Algorithm to Find the Lineality Space of the Positive Hull of
a Set of Vectors. Journal of Mathematical Modelling and Algorithms 10 (2011), 1-30.
Issue 1. https://doi.org/10.1007/s10852-010-9133-1

Colin MacLaurin. 1742. A Treatise on Fluxions. T. W. and T. Ruddimans, Edinburgh.

Sean McNamara and W. R. Young. 1994. Inelastic collapse in two dimensions. Phys.
Rev. E 50, 1 (Jul 1994), R28-R31. https://doi.org/10.1103/PhysRevE.50.R28

J.J. Moreau. 1985. Standard Inelastic Shocks and the Dynamics of Unilateral Constraints.
In Unilateral Problems in Structural Analysis: Proceedings of the Second Meeting on
Unilateral Problems in Structural Analysis, Ravello, September 22-24, 1983, Gianpietro
Del Piero and Franco Maceri (Eds.). Springer Vienna, Vienna, 173-221. https://doi.

0rg/10.1007/978-3-7091-2632-5_9

Pieter J. Mosterman. 2001. On the Normal Component of Centralized Frictionless
Collision Sequences. J. Appl. Mech. 74, 5 (2001), 908-915.

N. Nguyen and B. Brogliato. 2014. Multiple Impacts in Dissipative Granular Chains.
Springer Heidelberg.

X. Provot. 1997. Collision and Self-collision Handling in Cloth Model Dedicated to
Design. In Computer Animation and Simulation *97. 177-190.

Breannan Smith, Danny M. Kaufman, Etienne Vouga, Rasmus Tamstorf, and Eitan
Grinspun. 2012. Reflections on Simultaneous Impact. ACM Trans. Graph. 31, 4,
Article 106 (July 2012), 12 pages. https://doi.org/10.1145/2185520.2185602

David E. Stewart. 2000. Rigid-Body Dynamics with Friction and Impact. SIAM Rev. 42,
1(2000), 3-39. https://doi.org/10.1137/S0036144599360110

David E Stewart. 2011. Dynamics with Inequalities: Impacts and Hard Constraints. Society
for Industrial and Applied Mathematics.

Dan Stoianovici and Yildirim Hurmuzlu. 1996. A critical study of the applicability of
rigid-body collision theory. Journal of Applied Mechanics 63, 2 (1996), 307-316.
Jan Telgen. 1983. Identifying Redundant Constraints and Implicit Equalities in Systems
of Linear Constraints. Management Science 29, 10 (1983), 1209-1222. https://doi.org/

10.1287/mnsc.29.10.1209

Albert Anton ten Dam. 1997. Unilaterally constrained dynamical systems.
Ph.D. Dissertation. Rijksuniversiteit Groningen. http://hdl.handle.net/11370/
0c2036b1-cab4-49e1-a602-13e417923985

T. Uchida, M. Sherman, and S. Delp. 2015. Making a meaningful impact: modelling
simultaneous frictional collisions in spatial multibody systems. Proc. Math. Phys.
Eng. Sci. 471, 2177 (2015), 20140859.

Roger J.-B. Wets and Christoph Witzgall. 1967. Algorithms for Frames and Lin-
eality Spaces of Cones. Journal of Research of the National Bureau of Stan-
dards, B Mathematics and Mathematical Physics 71B, 1 (January-March 1967), 1-7.
https://doi.org/10.6028/jres.071B.001

A. Wouterse, S. Luding, and A. P. Philipse. 2009. On contact numbers in random rod
packings. Granular Matter 11 (2009), 169-177.

Tianxiang Zhang, Sheng Li, Guoping Wang, Dinesh Manocha, and Hanqiu Sun. 2015.
Quadratic Contact Energy Model for Multi-impact Simulation. Computer Graphics
Forum 34 (2015), 133-144. Issue 7.

ACM Transactions on Graphics, Vol. 36, No. 4, Article 1. Publication date: July 2017.


https://doi.org/10.1023/A:1008292328909
https://doi.org/10.1145/74333.74356
https://doi.org/10.1088/0305-4470/23/24/016
https://doi.org/10.1007/s11227-008-0222-0
https://doi.org/10.1115/1.2791938
https://doi.org/10.1145/1243980.1243986
https://doi.org/10.1016/0021-8928(95)00122-0
https://doi.org/10.1007/s10852-010-9133-1
https://doi.org/10.1103/PhysRevE.50.R28
https://doi.org/10.1007/978-3-7091-2632-5_9
https://doi.org/10.1007/978-3-7091-2632-5_9
https://doi.org/10.1145/2185520.2185602
https://doi.org/10.1137/S0036144599360110
https://doi.org/10.1287/mnsc.29.10.1209
https://doi.org/10.1287/mnsc.29.10.1209
http://hdl.handle.net/11370/0c2036b1-cab4-49e1-a602-13e417923985
http://hdl.handle.net/11370/0c2036b1-cab4-49e1-a602-13e417923985
https://doi.org/10.6028/jres.071B.001

	Abstract
	1 Introduction
	2 Resolving Multiple Impacts
	3 Termination in 1D
	4 Lineality subspaces
	4.1 Handling implicit equality constraints

	5 Termination in nD
	5.1 Convergence proof
	5.2 Termination proof
	5.3 Necessity of the Desiderata

	6 Dissipation
	6.1 Inelastic collapse
	6.2 Energetic Restitution Revisited
	6.3 Friction

	7 Inexact Arithmetic
	8 Discussion
	References
	A Detailed Inexact Arithmetic Proofs
	A.1 Pairwise Gauss-Seidel
	A.2 Generalized Reflections


