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1 FEM Force computation

We compute forces on the control points xp by

fKLp = −∂ΨS(FKL,Etr(xKL))

∂xKLp

= −
∑
q

V 0
q

∂ψ(FKL,Etr
q (xq))

∂xKLp

= −
∑
q

V 0
q

∂ψ

∂FKL
(FKL,Etr

q (xq)) :
∂FKL,Etr

q

∂xKLp
(xq),

where xq’s are positions of the quadrature points. We give expressions for

each
∂FKLq
∂xKLpk

(xq) with fixed p, q and k, where k represents the x, y, or z direc-

tion. For simplicity of notation, we omit the subscripts p, q and superscript
KL for now.

Recall from the paper that we have

F =

3∑
i=1

gi ⊗ ḡi, with gα = aα + ξ3a3,α, g3 = a3,

where

aα =
∑
j

xj
∂NSD

j

∂ξα
(ξ1, ξ2), α = 1, 2

a3 =
a1 × a2

|a1 × a2|

a3,α = (I− a3 ⊗ a3)
a1,α × a2 + a1 × a2,α

|a1 × a2|
= ã− a3(a3 · ã)
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in which we define ã to be

ã =
a1,α × a2 + a1 × a2,α

|a1 × a2|
.

Now we compute ∂F
∂xk

.

∂F

∂xk
=

3∑
i=1

∂gi
∂xk
⊗ ḡi,

and
∂gα
∂xk

=
∂aα
∂xk

+ ξ3
∂a3,α

∂xk

∂g3

∂xk
=
∂a3

∂xk

where

∂aα
∂xk

=
∂NSD

k (ξ1, ξ2)

∂ξα
ek (summation convention does not apply here) (1)

∂a3

∂xk
=

∂a1
∂xk
× a2 + a1 × ∂a2

∂xk
− |a1×a2|

∂xk
a3

|a1 × a2|
,

and
|a1 × a2|
∂xk

= a3 · (
∂a1

∂xk
× a2 + a1 ×

∂a2

∂xk
)

Finally,

∂a3,α

∂xk
=

∂ã

∂xk
− a3(

∂a3

∂xk
· ã + a3 ·

∂ã

∂xk
)− ∂a3

∂xk
(a3 · ã),

where

∂ã

∂xk
=

a1,α

∂xk
× a2 + a1,α × ∂a2

∂xk
+ ∂a1

∂xk
× a2,α + a1 × ∂a2,α

∂xk

|a1 × a2|
−a1,α × a2 + a1 × a2,α

|a1 × a2|2
∂|a1 × a2|

∂xk
,

in which

∂aα,β
∂xk

=
NSD
k (ξ1, ξ2)

∂ξβ∂ξα
ek (summation convention does not apply here).
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2 Grid force computation

The force on the MPM grid f iiii (x∗) computes as follows:

f
(iii)
i (x∗) =

∑
p∈I(iii)

∂χ(apα ⊗ āpα + aEp3 ⊗ āp3)

∂xi
V 0
p

=
∑

p∈I(iii)

∂χ(apα ⊗ āpα + aEp3 ⊗ āp3)

∂FE
:
∂
(
apα ⊗ āpα + aEp3 ⊗ āp3

)
∂apβ

:
∂apβ
xi

V 0
p

+
∑

p∈I(iii)

∂χ(apα ⊗ āpα + aEp3 ⊗ āp3)

∂FE
:
∂
(
apα ⊗ āpα + aEp3 ⊗ āp3

)
∂aEp3

:
∂aEp3
xi

V 0
p .

Then, omitting the subscript p, we compute each term in the contraction:

∂χ(aα ⊗ āα + aE3 ⊗ ā3)

∂FE
= τS

(
aα ⊗ āα + aE3 ⊗ ā3)

)−T
= τS

(
ãα ⊗ āα + ã3 ⊗ ā3)

)
where τS is the Kirchhoff stress and ãα and ã3 are the contravariant coun-
terparts of aα and aE3 respectively.

And using index notation, we see that

∂
(
aα ⊗ āα + aE3 ⊗ ā3

)
∂aβ

=
∂aαi āαj
∂aβk

= δαβδikāαj

= δikāβj

Similarly,

∂
(
aα ⊗ āα + aE3 ⊗ ā3

)
∂aE3

= δikā3j

Hence, contracting the first two terms in the summation, each term in
the summation becomes

τS (ãα ⊗ āα + ã3 ⊗ ā3) āβ :
∂aβ
∂xi

+ τS (ãα ⊗ āα + ã3 ⊗ ā3) ā3 :
∂aE3
∂xi

= τS ãβ :
∂aβ
∂xi

+ τS ã3 :
∂aE3
∂xi
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Note that

∂aβ
∂xi

=
∂aβ
∂xp

∂xp
∂xi

=
∂aβ
∂xp

wnip,

and the expression for
∂aβ
∂xp

is given equation (1).
Ignoring further plastic flow, we have

aE3 (x∗) =

∑
j

x∗j ⊗∇wnjp

aE,n3 ,

and thus,
∂aE3
∂xi

= ∇wnipa
E,n
3

Therefore, we arrive at the final expression for the force of type (iii):

f
(iii)
i (x∗) =

∑
p∈I(iii)

τSp ãβp :
∂apβ
∂xp

wnip + τSp ã3
p : ∇wnipa

E,n
p3

3 Laminate Stress

In this section we derive the expression for

τKL = ταβq
KL,E
α ⊗ qKL,Eβ , τKLαβ = 2µεLαβ + λεLγγδαβ. (2)

First notice that we may replace the right Hencky strain with left Hencky
strain in the definition of energy because of the isotropic nature of the energy
function. We now give the drivation of Equation (2) with index free notation
assuming all variables are in 2D.

ψ(F) = ψ(UΣVT )

P(F) = P(UΣVT ) = UP(Σ)VT

because the energy is isotropic.
Hence,

P(F) = UP(Σ)VT

= U
∂ψ

∂Σ
VT

= U
(
2µ log(Σ)Σ−1 + λtr(log Σ)Σ−1

)
VT .
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Therefore,

τKL =
(
U
(
2µ log(Σ)Σ−1 + λtr(log Σ)Σ−1

)
VT
)
FT

= U (2µ log(Σ) + λtr(log Σ)) UT

= 2µεL + λtr(εL)

4 QR and Elastic Potential

We can use QR orthogonalization of deformed material directions to define

qirij = Fāj , F = rijqi ⊗ āj , rij = 0 for i > j. (3)

4.1 Change of basis tensor

Define the change of basis tensor

Q = Qij āi ⊗ āj (4)

with Qij = qj ·āi. With this convention we see that Qāi = qi and QTQ = I.
Furthermore, defining

R = rij āi ⊗ āj

we have F = QR.

4.2 Differentials

The QR differential satisfies

qk · δqirij + δrkj = qk · (δFāj) , δF = δrijqi ⊗ āj + rijδqi ⊗ āj (5)

where qk · δqi = −qi · δqk from orthogonality of the qi. And

δF = δQR + QδR (6)

where δQTQ = −QT δQ from QTQ = I. Furthermore,

δQ = δQij āi ⊗ āj , δQij = δqj · āi, δqi = δQāi (7)

δR = δrij āi ⊗ āj (8)

and the δrij = 0 for i > j.
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5 Elastic potential and stresses

Define the hyperelastic potential as

ψ(F) = ψ̂([R]) (9)

where

[R] =

 r11 r12 r13
r22 r23

r33

 . (10)

The differential satisfies

δψ(F) =
∂ψ

∂F
(F) : δF = P : δF =

∂ψ̂

∂rij
([R])δrij (11)

where P = ∂ψ
∂F(F). Therefore

δrijqi · (Pāj) + rijδqi · (Pāj) =
∂ψ̂

∂rij
([R])δrij . (12)

Similarly,

P : δF = P : (δQR) + P : (QδR) =
∂ψ̂

∂rij
([R])δrij (13)

Choosing δF = δrijqi ⊗ āj (i.e. δqi = 0), we can conclude that

qi · (Pāj) δrij =
∂ψ̂

∂rij
([R])δrij (14)

for arbitrary δrij with i ≤ j. Therefore the qi · (Pāj) = ∂ψ̂
∂rij

([R]) for i ≤ j.

Similarly,

P : (QδR) = (QTP) : δR = δrij āi ·
(
QTPāj

)
= δrijqi · (Pāj) =

∂ψ̂

∂rij
([R])δrij .

(15)

Choosing δF = rijδqi ⊗ āj (i.e. δrij = 0), we can conclude that

0 = rijδqi · (Pāj) . (16)
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Similarly,

0 = P : (δQR) =
(
PRT

)
: δQ =

(
PRT

)
:
(
δQQTQ

)
=
(
PRTQT

)
:
(
δQQT

)
=
(
PFT

)
:
(
δQQT

)
(17)

In other words, the Kirchhoff stress τ = PFT is symmetric since δQQT is
arbitrary skew. Furthermore,

P = Pijqi ⊗ āj , τ = Pijrkjqi ⊗ qk = τikqi ⊗ qk (18)

and we know Pij = ∂ψ̂
∂rij

for i ≤ j from Equation 14. Thus τ11 τ12 τ13
τ21 τ22 τ23
τ31 τ32 τ33

 =

 P11 P12 P13

P21 P22 P23

P31 P32 P33

 r11
r12 r22
r13 r23 r33

 (19)

=

 P11r11 + P12r12 + P13r13 P12r22 + P13r32 P13r33
P21r11 + P22r12 + P23r13 P22r22 + P23r32 P23r33
P31r11 + P32r12 + P33r13 P32r22 + P33r32 P33r33

 ,

(20)

and since τ = τT and Pij = ∂ψ̂
∂rij

for i ≤ j,

 τ11 τ12 τ13
τ21 τ22 τ23
τ31 τ32 τ33

 =


∂ψ̂
∂r11

r11 + ∂ψ̂
∂r12

r12 + ∂ψ̂
∂r13

r13
∂ψ̂
∂r12

r22 + ∂ψ̂
∂r13

r32
∂ψ̂
∂r13

r33
∂ψ̂
∂r12

r22 + ∂ψ̂
∂r13

r32
∂ψ̂
∂r22

r22 + ∂ψ̂
∂r23

r32
∂ψ̂
∂r23

r33
∂ψ̂
∂r13

r33
∂ψ̂
∂r23

r33
∂ψ̂
∂r33

r33


(21)

In particular, the matrix representation of τS reads

 τ11 τ12 τ13
τ21 τ22 τ23
τ31 τ32 τ33

 =

 0 0 γs1
0 0 γs2
0 0 f ′(s3)

 0
0 0
s1 s2 s3

 (22)

=

 γs21 γs1s2 γs1s3
γs1s2 γs22 γs2s3
γs1s3 γs2s3 f ′(s3)

 (23)
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6 Frictional Contact Yield Condition

Coulomb friction places a constraint on the stress as

|tS | ≤ −cFσn (24)

where σn = aKL3 ·σaKL3 . Recall that aKL3 = q3 and thus σn = q3 ·σq3. On
the other hand, tS is the tangential component of the force density and has
the form tS = (cq1 + sq2) · σq3 for some c and s such that c2 + s2 = 1.
Hence, we may rewrite the constraint on stress as

(cq1 + sq2) · σq3 + cFq3 · σq3 ≤ 0. (25)

Using the fact that σ = det(F)τ , we rewrite the constraint as

(cq1 + sq2) · τq3 + cFq3 · τq3 ≤ 0. (26)

Substituting in the expression for τ from equation (23), we find that the
maximum on the left-hand-side is

±γs3
√
s21 + s22 + cF f

′s3

We apply the particular form of f in the paper where f(x) = 1
3k

c(1−x)3 for

x ≤ 1 and 0 otherwise. When s3 > 1, the maximum is γs3
√
s21 + s22. In this

case the return mapping set s1 and s2 to 0. If 0 < s3 ≤ 1, the maximum is

γs3

√
s21 + s22 − cFk

c(s3 − 1)2s3,

and thus we need √
s21 + s22 ≤

cFk
c

γ
(1− s3)2.

In this case we uniformly scale back s1 and s2 to satisfy the constraint.

7 Denting Yield Condition and Return Mapping

We apply the von Mises yield condition to the Kirchhoff-Stress in Equation
(2)

This condition states that the deviatoric component of the stress is less
than a threshold value cvM

fvM (τ ) = |τ − tr(τ )

3
I|F ≤ cvM . (27)
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This condition defines a cylindrical region of feasible states in the principal
stress space since

fvM (τ ) =

√
2

3
(τ12 + τ22 + τ32 − (τ1τ2 + τ2τ3 + τ1τ3)) (28)

where τ =
∑

i τiui ⊗ ui with principal stresses τi. The plane stress nature
of τKL =

∑
α τ

KL
α uα ⊗ uα means that feasible stresses are those where the

principal stresses are in the ellipsoidal intersection of the cylinder and the
τKLα plane.

The yield condition is satisfied via associative projection (or return map-
ping) of the stress to the feasible region. The elastic and plastic strains
are then computed to be consistent with the projected stress. We use
FKL,Etr

,FKL,P tr
to denote the trial state of elastoplastic strains with associ-

ated trial stress τKL
tr

. We use FKL,E ,FKL,P , τKL to denote their projected
counterparts.

FKL,Etr
,FKL,P tr

, τKL
tr → FKL,E ,FKL,P , τKL. (29)

The deformation gradient constraint must be equal to the product of trial
and projected elastic and plastic deformation gradients, creating the con-
straint on the projection

FKL = FKL,Etr
FKL,P tr

= FKL,EFKL,P . (30)

The projection is completed by first computing the trial state of stress τKL
tr

from FKL,Etr
using Equation (2). This is done by computing the QR decom-

position of the trial elastic deformation gradient FKL,Etr
= rKL,Eαβ

tr
qKL,Eα ⊗

āβ + qKL,E3 ⊗ ā3. Then we compute the SVD of matrix [rKL,E
tr

] ∈ R2×2

and the trial strain [εL
tr

]

[rKL,E
tr

] = [UE ]

(
σE1

tr

σE2
tr

)
[VE ]T (31)

[εL
tr

] = [UE ]

(
log(σE1

tr
)

log(σE2
tr

)

)
[UE ]T (32)

From Equation (2) we see that the two non-zero principal stresses τKL
tr
α of

τKL
tr

are equal to the eigenvalues of the matrix [τKL
tr

]

[τKL
tr

] = 2µ[εL
tr

] + λtr([εL
tr

])I = [UE ]

(
τKL1

tr

τKL2
tr

)
[UE ]T . (33)
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We therefore project the eigenvalues (τKL
tr
α → τKLα) into the ellipsoidal

intersection the von Mises yield surface and the (τ1, τ2) plane in the direc-
tion that maximizes energy dissipation. We approximate this region by the
diamond shaped region whose boundaries have slopes of ±1 to simplify the
return mapping. Note that the direction of the return that maximizes en-
ergy dissipation is a function of the Cauchy-Green strain derivative of the
Kirchhoff stress and thus is non-trivial to find in general. Fortunately, the
quadratic Hencky strain model has the favorable property that the return
direction is perpendicular to the yield surface [1] which greatly simplifies the
return mapping. We illustrate this property in Figure 1. After projection,
we rebuild the matrix without changing the eigenvectors and rebuild τKL

from the matrix

[τKL] = [UE ]

(
τKL1

τKL2

)
[UE ]T , τKL = τKLαβ qKL,Eα ⊗ qKL,Eβ (34)

where τKLαβ are the entries in the projected matrix [τKL] ∈ R2×2. The

projected strain [εL] is computed from the projected principal stresses from

[εL] = [UE ]

(
log(σE1 )

log(σE2 )

)
[UE ]T (35)(

log(σE1 )
log(σE2 )

)
=

(
2µ+ λ λ
λ 2µ+ λ

)−1(
τKL1
τKL2

)
(36)

and the projected elastic deformation gradient is FKL,E = FKL,Eαβ qKL,Eα ⊗
āβ + qKL,E3 ⊗ ā3 where

[F̂KL,E ] = [UE ]

(
σE1

σE2

)
[VE ]T . (37)

The projected plastic deformation gradient is computed from FKL,P =
FKL,E−1FKL in order to maintain the constraint in Equation (30).
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(a)
(b)

Figure 1: Return Mapping. In general in the return mapping direction
is non trivial (left). Quadratic Hencky strain energy density simplifies the
return mapping (right).
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