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1 Differentiating energy

Civen an elasto-plastic energy density function ¥(Fg, Fp) which evaluates to ¥, = W (Fg, (&), Fp,) at each particle
p using its elastic and plastic parts of the deformation gradient FEp( ) and Fp,, we define the full potential energy

of the system to be
= VYU(Fg,(2), Fp,) = Z Vi,
P

where F, (&) is updated as
Fp,(& (I + Z .p)T> Fp.. (1)

For the purposes of working out derivatives, we use mdex notation for differentiation, using Greek indices a, (3, . ..
for spatial indices, ® (j,) to indicate partial derivatives on xj,, ® (o) to indicate partial derivatives on Frag, and

summation implied over all repeated indices. The derivatives of FEP with respect to x; are

FEpozﬂ = (5QW’ + (l'ia - x?a>wg77'y)ng'y,B
FepapGo)y = 5a0w;pr£mB
Fppap,(oyery = 0
With these, the derivatives of ® with respect to x; can be worked out using the chain rule
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These can be interpreted without the use of indices as
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and the notation A = C : D is taken to mean A;; = C;jp D Wlth summation implied on indices kl.



2 Differentiating constitutive model

For integration, we need to compute % and (Wfigpb : 6D. In this section, we will omit the subscripts E.
2 A 2
U= WlF-R}+50-1)
A
o = 5(ulF - RIE+ 50~ 17)

= u(|F — RJ}) +A(J — 1)8]
pé (tr(FTF)) — 2ud (tr(RTF)) + pd (tr(RTR)) + A(J — 1)6J
= 2uF :0F —2ub(tr(S)) + AN(J — 1)JF~T . 6F
= 2uF :6F — 2utr(68) + \N(J — 1)JF~T . §F
F = RS
6F = 6RS+ RS

tr(68) = tr(RT6F) —tr(RT6RS)
= tr(RT6F) - (RTSR): S
= tr(RTOF)
= R:F

Note that since RTR = I, RT§ R must be skew-symmetric. Since S is symmetric, (RT6R) : § = 0. Finally,

U = 2uF :0F —2utr(08) + N(J — 1)JF T . 6F
= 2uF :0F —2uR:5F + \(J —1)JF T .6F
oV

55 OF = (2uF —2uR+ XN(J —1)JF~ ") : 6F
a\]? -T
OFg
Note that Cauchy stress o and first Piola-Kirchhoff stress P are related to {?T\IIE by
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The second derivatives require a bit more care but can be computed relatively easily.

2
0*v SF = 6(8‘?)

OFOF oF
= 02u(F - R)+\XJ-1)JFT)
= 2u0F — 2uSR+NJFT6J+\(J —1)6(JFT)
= 2u0F —2uSR+ NJF T(JF~T . 6F) + \(J - 1)§(JF~T)
o)

Since JF~T is a matrix whose entries are polynomials in the entries of F, §(JF~T) = S (JF~T) : §F can readily
be computed directly. That leaves the task of computing J R.

0F = O0RS+ R6S
RT6F = (R"SR)S+6S
RTSF - 6FTR = (RT6R)S + S(R'SR)
Here we have taken advantage of the symmetry of §S and the skew symmetry of RT§R. There are three independent

components of RT§R, which we can solve for directly. The equation is linear in these components, so RTJR can
be computed by solving a 3 x 3 system. Finally, iR = R(RT§R).



